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Abstract 

A higher order Painleve system of type D^^2 ^^'S introduced by 
Y. Sasano. It is an extension of the sixth Painleve equation (Pyi) for 
the affine Weyl group symmetry. It is also expressed as a Hamilto- 
nian system of order 2n with a coupled Hamiltonian of -FVi. In this 
paper, we discuss a derivation of this system from a Drinfeld-Sokolov 
hierarchy. 

1 Introduction 

The Drinfeld-Sokolov hierarchies are extensions of the KdV (or niKdV) hi- 
erarchy for the affine Lie algebras [DSj . It is known that they imply several 
Painleve equations by similarity reduction [ASl IFSl IKKll IKIKt IKK2] . On 
the other hand, two types of extensions of the Painleve equations for the 
affine Weyl group symmetry have been studied, type ^4^ ^ |NYlj and type 
-^2n+2 [H]- For type An'^ among them, the relation to the Drinfeld-Sokolov 
hierarchies is already clarified. In this paper, we investigate the relation for 

type ^2n+2- 

Recall that the higher order Painleve system of type D^j^_^_2 given in [S] 
is a Hamiltonian system of order 2n with a coupled Hamiltonian of Pyj. Let 
Qi, Pi {i = I, ■ ■ ■ ,n) he dependent variables on s and ctj (z = 0, . . . , 2n + 2) 
complex parameters satisfying 

2n 

ao + «! + ^ 2aj + a2n+i + a2n+2 = 1- 
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We also set 



Hi = QiiQi - l){qi - s)p1 - {{(3i^i - l)qi{qi - 1) 

+ A,3(?j - - s)+ Pi,4qi{qi - s)}pi + a2i{a2i + A,o)gi 



for i = 1, . . . , n, where 

i— 1 i—1 i—1 

n— 1 n 71—1 

We consider a Hamiltonian system 

s{s-l)^ = {H,q,}, s{s-l)^ = {H,p,} {t = l,...,n), (1.1) 
with a Hamihonian 

n 

H = J2h^+ Y1 2(g,-s)p,g,{(g,-l)p,+«2,}, (1.2) 

where {■, ■} stands for the Poisson bracket defined by 

{Pi,qj} = 5ij, {Pi,Pj} = {qi,qj} = = l,...,n). 

Note that each Hi is equivalent to the Hamiltonian of Pyj (see |IKSYj ). In 
fact, the parameters satisfy the following relations: 

A,o + A,i + 2a2i + A,3 + A,4 = 1 {i = l,...,n). 



The system f ll.lj) with (11.21) admits affine Weyl group symmetry of type 

) 

2n+2- 



-^2ri+2- Denoting the dependent variables by 



1 

y^o = 2n + 2 ' Vi=(li-s, ip2i+i = qi+i - qi (« = 1, . . . , n - 1), 

Pi 

= ~ 2n^2 ^ • • • ' '^2n+l = l-qn, ^2n+2 = -qn, 

we consider birational canonical transformations 

cx ■ 

ri{aj) = aj - aijOi, ri{ipj) = tpj + —{ipi, ipj}, (1.3) 
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Figure 1: Gradation of g{D, 



'1^0 of type (1,1,0,1,1) 
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2n + l 
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2n + 2 



Figure 2: Gradation of 0(-D2n+2) of type (1, 1, 0, 1, 0, ... , 1, 0, 1, 1) 



for i, J = 0, . . . , 2n + 2, where 



Then the system (11 .ip with fll.2l) is invariant under the action of them. Fur- 
thermore, a group of symmetries (ro, . . . ,r2n+2) is isomorphic to the affine 

Weyl group of type D^2n+2- 

In this paper, we show that the system (11.11) with (II. 2p is derived from a 
Drinfeld-Sokolov hierarchy by similarity reduction. The Drinfeld-Sokolov hi- 
erarchies are characterized by graded Heisenberg subalgebras of the affine Lie 
algebras. For a derivation of fll.ip . we choose the affine Lie algebra 0(-D2n+2) 
and its graded Heisenberg subalgebra of type (1,1,0, 1,0, ...,1,0, 1,1). It is 
suggested by the fact that Pyi is derived from the hierarchy associated with 
the graded Heisenberg subalgebra of 9(1)4^^) of type (1, 1, 0, 1, 1). 

This paper is organaized as follows. In Section [21 we recall the affine 
Lie algebra s(-D2n+2) its graded Heisenberg subalgebra. In Section El 
we formulate a similarity reduction of a Drinfeld-Sokolov hierarchy of type 
D^2n+2 ■ f Section HI we derive the system (ll.ip with (ll.2p from the similarity 
reduction. In Section [5], we discuss a derivation of the group of symmetries 



an = 2 (z = 0, . . . , 2n + 2) 

O02 = C^ii+l = 0'2n2n+2 = " 1 (^ = 1, • • • , 2n), 

ttij = (otherwise). 
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2 Affine Lie algebra 



In this section, we introduce the affine Lie algebra of type D^^_^_2 and its 
Heisenberg subalgebra of type (1,1,0, 1,0, ...,1,0, 1,1), following the nota- 
tion of |Kacj . 

Recall that g = Q{D^n+2) a Lie algebra generated by the Chevalley 
generators e^, {i = 0, . . . , 2n + 2) and the scaling element d with the 

fundamental relations 

iade,y-^He,) = 0, (adf^y-'^Hf,) = (z ^ j), 

[ctj , ctj ] = 0, , Cj] = aijCj, [a^ , fj] = —aijfj, [e^, fj] = Sija^ , 

[d, tti] = 0, [d, d] = Sifieo, [d, fi] = -5i,o/o, 

for i, j = 0, . . . ,2n + 2. The generalized Cartan matrix A = (ajj)^"lo S 
defined by 

au = 2 (i = 0,...,2n + 2), 

0^02 = Clii+l = 0.2n2n+2 = " 1 = 1; • • • ) 2n), 

= (otherwise). 
We denote the Cartan subalgebra of g by 

2n+2 
j=0 

The canonical central element of g is given by 

2n 



'^2n+2- 



1=2 



The normalized invariant form (■|-):gxg^Cis determined by the condi- 
tions 

{a^i\a]) = Gij, (eilfj) = Sij, {a'^lcj) = (a'^lfj) = 0, 
{d\d) = 0, {d\a]) = 6o,j, {d\e,) = {d\f,) = 0, 

for i,j = 0,...,2n + 2. 

Consider a gradation g = ^i^^z^ Qk of type (1, 1,0,1,0,..., 1, 0, 1, 1) by 
setting 

deg f) = deg = deg fi = (iel), 
deg ej = 1, deg fj = -1 (j G J), 
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where J = {2, 4, ... , 2n} and J = {0, 1, 3, 5, . . . , 2n + 1, 2n + 2}. With an 
element -(9 G f) such that 

this gradation is defined by 

flfc = {x G I [d, x] = kx] (/c G Z). 

We denote by 

0<o = ^ dk, 0>o = ^ Qk- 

k<0 k>0 

Such gradation imphes the Heisenberg subalgebra of g 
s = {xeg\[x, Ai] = [x, As] = CK}, 

with elements of 0i 

= Co + ei_2 + ^^(^i + ^i-lj.i+l) + 62?i+l + ^2n,2n+2, 
A2 = Ci + eo,2 + ^^(Cj-lj + Cj-j+l) + e2n+2 + e2n,2n+l, 

where JT"' = {3, 5, . . . , 2n — 1} and 

(^ii,i2,...,in-i,in adcj-^adejj • • • ^-dej^ -^ (cj^). 
Note that s admits the gradation of type (1, 1, 0, 1, 0, ... , 1, 0, 1, 1), namely 



We also remark that the positive part of s has a graded bases {A^j^-^ sat- 
isfying 

[Afc,A,]=0, [i},Ak] = nkAk {k,l = 1,2, . . .), 
where Uk stands for the degree of element Ak defined by 



rik 



k {k : odd) 
k — 1 {k : even) 



The explicit formulas of A^ {k > 3) are given in Appendix |X1 

In the last, we introduce the Borel subalgebra of g. Let n+ and n_ be 
the subalgebras of g generated by Cj and fi (z = 0, . . . , 2n + 2) respectively. 



5 



Then the Borel subalgebra b+ of q is defined by b+ = [) © n+. Note that we 
have the triangular decomposition 

= n_ © © n+ = n_ © b+. 

We also remark that 

n- =g<o©0C/„ 0>o = 0C/,©b+. 

3 Drinfeld-Sokolov hierarchy 

In this section, we formulate a Drinfeld-Sokolov hierarchy of type -D2ri+2 
its similarity reduction associated with the Heisenberg subalgebra s. 
In the following, we use the notation of infinite dimensional groups 

G'<o = exp(5<o), G'>o = exp(g>o), 

where g<o and 0>o are completions of 0<o and 0>o respectively. 

Introducing the time variables (A; = 1, 2, . . .), we consider a system of 
partial differential equations 

\-Bk = W{dt,-Ak)W-' (fc = l,2,...), (3.1) 

for a G'<o-valued function W, where Bk stands for the 0>o-component of 
WAkW^'^. The Zakharov-Shabat equations 

[dt,-Bk,dt,-Bi] = (A;,/ = 1,2,...), (3.2) 

follows from the system fl3.1l) . We call the system fl3.2p the Drinfeld-Sokolov 

hierarchy of type D^^_^2- 

Under the system fl3.ip . we consider the operator 

M = Wexpl J2 4Afe)i9exp|- ^ tkAk) W~\ 

\k=l,2,... / \ k=l,2,... J 

Then the operator Ai satisfies 

[dt,-Bk,M] = (A: = 1,2,...). (3.3) 
Also ^A is expressed as 

M = Wi}W-^ - J2 riktkWAkW-\ 

k=l,2,... 
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Now we require that the similarity condition Ai G 0>o is satisfied. Note 
that it is equivalent to 

^+ Yl nktuBl = WdW-\ 

k=l,2,... 

where stands for the 0<o-component of WAkW~^. Then we have 

k=l,2,... 

We also assume that = for A; > 3. Then the systems ( I3.2p and (13.31) are 
equivalent to 

[dt,-B^,dt,-B2]=0, 

[dt, -Bk^d- tiB, - hB^] = (A: = 1, 2). ^ ' ' 

We regard the system (13. 4p as a similarity reduction of the Drinfeld-Sokolov 
hierarchy of type -D2ri+2- 

The 0>o- valued functions 5^ (A; = 1, 2) are expressed in the form 

2n+2 

Bk = Uk + Afc, Uk = Y '^k,iai + Y ^'^'i'^i + Y y^'ifi- 

i=o iei iei 

In terms of the operators Uk G Qo, this similarity reduction can be expressed 
as 

dtAU2)-dt,{Ui) + [U2,Ui] = 0, 

[Ai,t/2]-[A2,f/i]=0, 

tMUk) + t2dt,iUk) + Uk = (A; = 1,2). 

In the following, we use the notation of a 0>o-valued 1-form B = Bidti + 
B2dt2 with respect to the coordinates t = (ti, ^2)- Then the similarity reduc- 
tion (13.41) is expressed as 



dtM = [B,Ml dtB = BAB, (3.5) 
where dt stands for an exterior differentation with respect to t. Denoting by 

Ml = -tiAi - t2A2, Bi = Aidti + A2dt2, 
we can express the operators Ai and B in the form 

iei iei 

B = U + Y ^i'^i + Y y^f^ + '^1' 
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where 

2n.+2 2n+2 
1=0 i=0 

The system fl3.5l) is expressed in terms of these variables as follows: 

dt9i = Xitpi - yi^i, dt9j = 0, 

dtipi = -{u\a'^)ipi + yi{9\a^), 

and 

dtUi = Xi Ayi + yi A Xi, dtUj = 0, 

dtXi = {u\a^) A Xi, dtyi = -iu\a^) A yi, 

for 2 G X and j G J7. 

4 Coupled Painleve VI system 

In this section, we show that the system (11.11) with (11.21) is derived from the 
similarity reduction (13.51) . 

We introduce below a gauge transformation 

M+ = exp(ad(r))7W, - i3+ = exp(ad(r))(rft - B), 

with r G go such that Ai^ and should take values in b+. Then the system 
(13.51) is transformed into 

dtM^ = [B+,M^], dtB+=B+AB+. 

It is equivalent to the system (11.11) with (11.21) under a certain transformation 
of variables. We recall that the operator Jvl is expressed as 

M = e + ^iiei + ^i)ifi + Mi, 

where 

Ml = -heo - t2ei - ^ tiCj - tie2„+i - t2e2„+2 - ^260,2 - iiei,2 

— ^2(ej_lj + ejj+i) — t2e2n,2n+l — tlG2n,2n+2 ~ 

3^3 • i&J' 
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We first consider a gauge transformation 

M' = exp(ad(ri))M, dt-B' ^ exp(ad(ri))(cit - B), 
with Ti = XliGX defined by 

72 = -, 72i+2 = — -7 = l,...,n- 1). 

Then we obtain 

M; = exp(ad(ri))(Mi) 

= —tiCo — t2ei — tiCj — t2e2n+l — tie2n+2 

- {h - ^272)61,2 - XI + ti7j-i)ej-ij + (^2 - ti-fj+i)ejj+i} 

jej' 

— {ti + t2'j2n)^2n,2n+l ~ {h + tl72n)e2n,2n+2- 

We next consider a gauge transformation 

M* = exp(ad(r2))A<', dt-B* = exp(ad(r2))(rft - B'), 
with r2 e f) such that 

Mt = exp(ad(r2))(M;) 

= eo + 6161 + X bjCj + 62n+ie2n+l + ^2n+2e2n+2 

jeJ' 

+ ei,2 + X^ + + e2n,2n+l + e2n,2n+2- 

jeJ' 

Note that the coefficients bj are algebraic functions in ti and ^2- Then We 
have 

dtM* ^[B*,M*], dtB*^B*AB*. (4.1) 

With the notation 

Bl - exp(ad(r2)) cxp(ad(ri))(i3i), 
the operators M.* and B* are expressed in the form 

B*^u* + J2^*e, + J2yUi + Bl 
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where 

2n+2 2n+2 
i=0 i=0 

We finally consider a gauge transformation 

7W+ = exp(ad(r3));W*, dt - = exp(ad(r3))(rft - B*), 
with Fs = J2i£iVifi such that + G b+, namely 

e;rj2 - (ria^k - = (^gJ), (4.2) 

and 

Here we have 

Lemma 4.1. Under the system (14.11) . the equation (14.31) follows from the 
equation (14.21) . 

Proof. The first equation of the system (14.11) can be expressed as 

dJ): = x*^lJ:-y:^:, d,e* = o, 

dt^* = {u*\a^)^*-x*{e*\a^), (4.4) 

dtr^ = -{u*\a^)r^+y:mar), 

for i G J and j G J. By using (14.41) and {dtO*\ai ) = 2dt0*, we obtain 

= {2av^ - {9*\a^)}{dtr]. - x^r,} + {u*y,)r^, + y*] (z G J). 
It follows that the equation (14.21) implies (14.31) or 

^. = ^^ (^eJ). (4.5) 

Hence it is enough to verify that the equation (14. 3 p follows from (14. 5p . To- 
gether with (14.41) . the equation (14. 5 p implies 

{dte^\at)ii - {e*\at)dtii 

On the other hand, we obtain 

4ari+{0*\a^y = (2GJ), (4.7) 

by substituting (14. 5 p into (14. 2p . Combining (14. 6 p and (14. 7p . we obtain the 
equation (14. 3p . □ 
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Thanks to Lemma 14.1^ the gauge parameters rji [i G X) are determined 
by the equation (14 .2 1) . Hence we obtain the system on b+ 



dtM+ = [B+,M+], dtB+ = B+AB+, 
with dependent variables 



(4. 



i-l 



\ = Vt-Yl ^2j+i> f^i = "Pi e X). 

The operator TW"*" is expressed in the form 

= K + ^ ^-Cj + Co + (ci - A2)ei + ^ (Aj_i - Xj+i)ej 
iei jej' 

+ (A2n — C2n+l)e2n+l + (-^2n ^ C2n+2)e2n+2 

+ ei,2 + ^^(Cj-lJ + Cj-j+i) + e2n,2n+l + e2n,2n+2, 



where k G f) and 



n-l 



ci = 6i, Q = - ^ 62i+i - &i (i = 271, + 1, 271, + 2). 

Note that = 0. We also remark that Ci, C2n+i and C2n+2 are algebraic 
functions in ti and t2- 
Let 

_ C2n+2 — Ci _ C2n+2 — C2n+1 
5i — , So — . 

2n + 2 2n + 2 

We now regard the system (14.81) as a system of ordinary differential equations 



s{s-l)^- B, Ai- 
ds 



0, 



(4.9) 



with respect to the independent variable s = Si by setting S2 = 1. The 
explicit formula of the b+-valued operator B is given below. We also set 



C2n+2 ~ A2j 



Pi = -l^2i, Oij 



2n + 2 ' ^ 2n + 2' 

for i = 1, . . . ,n and j = 0, . . . ,2n + 2. Then we obtain 
Theorem 4.2. The system (14. 9 p is equivalent to the system (II. ip with (II. 2p . 
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The operator Ai'^ is described as 

2n+2 2n 



= «; + ^ (2n + 2)(piei + ^ 6^,^+1 + e2„,2n+2, 



i=0 i=l 



We recall that 



<^o = ^^""^^ ^ = gi - s, (p2i+i ^Qi+i-Qi (i = 1, . . . , n - 1), 
The operator B is described as 

2n+2 2n 

Vi^i^i+l + y2n+ie2n,2n+2 + / > l/lCj-lj-j+l, 
i=0 i=2 jej-' 



where 



^1 — ^ 

= ~ 2n + 2 ' ^ a;2m = s(s - 1) - - - s), 

2^271+1 = -(-5 - l)?n, 2;2n+2 = -S(gn - 1), 

1 gi+i - S q, - S 

= -77^ y-ii = — ^ TTT' 2/2i+i 



(2n + 2)2' 2n + 2' 2n + 2' 

for i = 1, . . . , n — 1 and 

•t-i j-i 

(2n + 2)x2i = ^ 2{(gj - s)pj + q;2j} + - s)pi + Q;2j + ao + ^ Q;2j+i, 
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for i = 1, . . . , n. Here u = YlfZo'^ ^i^^t satisfies 
(w|ao) = -ao(gi - s), 

n 

{u\a() = -aoiqi + s - 1) -^2qj{{qj - l)pj + a2j} 

- (2a2 + /9i,3)(s- 1) -/3i,4S, 

(«|a2i+i) = - - s)pj + (3i^i + 2a2i| {qi + qi+i - 1) - A+i,4S 

n 

- ^ '^IjiiQj - + "2i} - (2a2i+2 + Pi+i,3){s - 1), 
{u\a2„,+i) = - "^ilj - ^)Pj + Pn,i + 2a2n \ qn- a2n+lS, 



.i=i 

n 



2n+2J 



~ 1 2(gj - + Pn,l + 2a2n ^ (gn " 1) " a2n+2(s - 1), 



for i = 1 , . . . , n — 1 and 



(«|a2J 



^ 2(gj - + [qi - s)pi + (3i^i + 2a2i > {2qi - 1) 



.i=i 



+ qi{{qi - l)pi + a2i} + ^ '^qjUqj - ^)Pj + a2j} 

j=i+i 

+ {2a2i + A+i,3)(-s - 1) + Pi+i,iS, 



for i = 1, . . . , n, where 

i— 1 i—l i—1 

Pifl = "1 + "2j+l, A,l = "0 + ^ 2Q;2j + ^ Ol2j+l, 

j=l j=l j=l 

n—1 n n—l 

A,3 = X^ Oi2j+l + X^ 2Q;2j + a2n,+l, A,4 = Ct2j+1 + Ct2n+2- 

Remark 4.3. The system f 1 1.11) wi/i (II. 2p derived from a Lax pair asso- 
ciated with the loop algebra so{An + 4) [2, z~^]; see AppendixWi 
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5 Affine Weyl group symmetry 

In this section, we discuss a derivation of the group of symmetries (11 .Sp 
following the manner in |NY2] . 

Recall that the affine Weyl group of type -D2n+2 is generated by the trans- 
formations Tj (i = 0, . . . , 2n + 2) with the fundamental relations 

rf = l (z = 0,...,2n + 2), 

(r,r,)2-'^^i =0 = 0,...,2n + 2;ty^j). 

acting on the simple roots as 

ri{aj) = aj - aijai {i, j = 0, . . . ,2n + 2), 

where 

an = 2 {i = 0,...,2n + 2), 

ao2 = Oii+l = 02n2n+2 = ~1 (^ = Ij • • • i 2n), 

aij = (otherwise). 
Let X{0) G G'<oG>o- We consider a G'<oG'>o-valued function 



X = X{ti,t2,...) 



exp I J2 ikAk]x{0). 

\fc=l,2,... / 



Then we have a system of partial differential equations 

XdkX-'=dk-Ak (A: = 1,2,...), 

defined through the adjoint action of G^oG>o on g<o © S>o- Via a decompo- 
sition 

X = W-^Z, W e G<o, Z e G>o, 

we obtain the system (13. ip . 

In the previous section, we have considered the gauge transformation 

= exp{ad{T))M, dt-B+ = exp{ad{T)){dt-l3), T e go, 

for the derivation of the system (II. ID . Note that it arises from 

X = {W+)-^Z+, = exp{T)W, Z+ = exp(r)Z. 

Consider transformations 

ri{X) = Xexp(-ei)exp(/i)exp(-ei) (z = 0, . . . , 2n + 2). 
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Under the similarity condition Ai^ G 6+, their action on is given by 
ri{W+)=G,W+ (z = 0,...,2n + 2), 

where 

Gi = exp —fi , ai = — — — — , ipi - 



ifii J 2n + 2 ' 2n + 2 

It follows that 

r,{M+) = GM^G;\ dt - n{13+) = G,{dt - B+)Gr\ 

for z = 0, . . . , 2n + 2. Then each ri{M.~^) and ri{B~^) are b+-valued and satisfy 
the system (14.81) . Note that the complex parameters (z = 0, . . . , 2n + 2) 
can be regarded as the simple roots for 0(-D2n+2)- 

We define a Poisson structure for the operator JH^ by 

Wi,^j}= 2n + 2 = 0,...,2n + 2). 

It is equivalent to 

{Pi,qj} = 6ij, {Pi^Pj} = {qi,qj} = = 1, . . . ,n). 

Hence pt, Qi {i = l,...,n) give a canonical coordinate system associated 
with the Poisson structure for Ai'^. Then the action of the transformations 
Tj (i = 0, . . . , 2n + 2) on the coefficients of is equivalent to l\1.3L 

Remark 5.1 ([SJ). Let 

ai{i) = {0,l){2n + l,2n + 2)i, a2{i) = 2n + 2 - i {i = 0, . . . ,2n + 2), 

where (0, 1) and {2n + 1, 2n + 2) stand for the adjacent transpositions. Then 
the system fll.ll) with fll.2p is invariant under the action of transformations 
TTi and TT2 defined by 

. N . N s{qi - 1) {qi- s){pi{qi - s) + a2i} 
ni{ai) = a^,(i), ni{qi) = _ ^ , Mpi) = s{l - s) ' 

and 

. ^ f \ ^ f \ qiiqiPt + (^2i) 

qi s 
for i = 0, . . . ,2n + 2. These transformations generate a group of Dynkin 
diagram automorphisms of type -D2n+2- -^'^ /^ct, they satisfy the fundamental 
relations 

7rf = l (z = l,2), 

(7ri7r2)3 = 1, 

TTjrj = r„.(^j)7Ti (z = 1, 2; j = 0, . . . , 2n + 2). 



15 



A Heisenberg subalgebra 

We first introduce the simple Lie algebra so(4n + 4) and its loop algebra. 
Denoting matrix units by Eij = ('^j,fc<^j,i)fc"=i) we set 



4?i+4 

;,4n+5— j • 



i=l 



Then the algebra so(4n + 4) is defined by 

so(4n + 4) = {X G Mat(4n + 4; C) | JX + *X J = O} . 

Also let Ej, Ej, Hj {j = 0, . . . , 2n + 2) be the Chevalley generators for the 
loop algebra so(4n + 4:)[z, z~^] defined by 



Eq = 


'■ zX^n+S,!, Ei 


— Xi^i+i, i?2n+2 


— X2n+l,2n+3 


Fo = 


-^l,4n+3) Fi 

Z 


= Xij^i^i, F2n+2 


= -^2n+3,2n+l 


Ho = 


- —Xi^i — X2_2, 


Hi = Xi^i — Xi^ 


l,j+l) 




-2 = -^2n+l,2n+l " 


+ -^^271+2,2^+2 5 





for i = 1, . . . , 2n + 1, where Xij = Eij — E4^n+5-j,4n+5-i- Note that 



2n 



Ho + Hi + ^ 2Hi + H2n+1 + H2n+2 = 0. 
1=2 

Under a specialization = 0, we can identify this loop algebra with the 
affine Lie algebra 0(-D2n+2)- Note that the scaling element d corresponds to 
the differential operator zdz- We also remark that 

[X, Y]=XY - rx, {X\Y) = ^trxy. 

In a similar manner as |DFj . we formulate the Heisenberg subalgebra of 
type (1, 1, 0, 1, 0, ... , 1, 0, 1, 1) in a fiamework of so(4n + A)[z, z^^]. Let A 
[i = 1,2) be matricies defined by 

Ai,i = E, + E2] + {E, + [E,_„ [E„Ej^,]]) + E 

2n+l + [E2n, -E'2n+2] ) 

Al,2 = El + [Eq, E2] + '^^{[Ej^i, Ej] + [Ej, Ej+i]) + £'2n+2 + [E2n, -E'2n+l] • 

jej' 



hi 
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Note that [Ai^i,Ai_2] = 0. We also set 



A{2n+2)fc+/,4 = z''{Ai^i)^ (z = 1, 2; A; G Z; / = 1, 3, . . . , 2n + 1). 

Then we have a maximal nilpotent subalgebra 0^^^ (CA2fc_i,i © CA2fc-i,2) 
of so(4n + 4) [2;, 2;^^]. It can be identified with the Heisenberg subalgebra s 
given in Section [2] under the specialization K = Q. 

Remark A.l. The isomorphism classes of the Heisenberg subalgebras are 
in one-to-one correspondence with the conjugacy classes of the finite Weyl 
group [KP j . In the notation of [C] , the Heisenberg subalgebra s introduced 
above corresponds to the regular primitive conjugacy class D2n+2{o.n) of the 
Weyl group of type D2n+2- 



B Lax pair 

It is known that Pyi is derived from the Lax pair associated with the loop 
algebra so(8)[2;, 2;"^] |NY3j . In this section, we propose a Lax pair for the 
system (11 .ip with fll.2p in a fiamework of so(4n + 4)[2;, z~^]. 

In the previous section, we have derived the system (14. 9p . It can be 
identified with the system on 5o(4?t, + 4) [2;, z~^] 



s{s-l)^~B,z^ + M 
as az 



0, (B.l) 



where 



2n+2 2n+2 2n r . \W W 1 

^ ^ ^ I 2n + 2 2n + 2 



4=0 i=0 i=l 

2n+2 2n+2 2n 

B=^u,H,+ Y^ XiEi + ?/i[Eo, E2] + VilEi, 

i=0 i=0 1=2 

+ y2n+l[E2n, i?2n+2] + ^ [Ej, Ej+i]], 

jej' 

under the specialization K = 0. Here Si {i = 0, . . . , 2n + 2) are complex 
parameters such as 

ao = 1 + 2^0 — ^2, «! = 2ei — £2, ^2 = — — ^1 + 2^2 — ^3, 
ttj = -^i-i + 2£i - (2 = 3, . . . , 2n - 1), 

tt2n = ~^2n~l + '^^2n "~ ^2n+l ~ ^2n+2, 

«2n+l = —£2n + 2£2n+l, a2n+2 = —£2n + 2e2n+2- 
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Consider a system of linear differential equations 



, dw dw 
s(s-l)— = Bw, z— + Mw = 0, 

ds dz 



(B.2) 



for a vector of unknown functions w = . . . ,W4n+A)- Then the system 
( IB.ll) can be regarded as the compatibility condition of ( ]B.2p . In this flame- 
work, the group of symmetries (11.31) arise from gauge transformations 



0,...,2n + 2). 



Note that the Lax pair flB.2p of the case n = 1 is equivalent to one of |NY3j . 

The Lax pair ( ]B.2p arises from the Drinfeld-Sokolov hierarchy as follows. 
Under the system flS.ip . we consider a G'<oG'>o-function \E' = \E'()f:i, ^2, • • •) 
defined by 



= W exp 



=1,2,... / 



Then we obtain 



^>dt,^-^ =dt,-Bk (A: = 1,2, 



-1 



M. 



(B.3) 



Note that the system (13.21) can be regarded as the compatibility condition of 
flB.3p . In the following, we use a conventional form of flB.3p 

dt^{^) = Bk^ (fc = l,2,...), d{^) = {d-M)'^. 

It is equivalent to 

\m = Bu^> (A; = 1,2), d{^) = {hB, + t2B2)^, (B.4) 

under the specialization M. G g>o and tjt = (A; > 3). Via a gauge transfor- 
mation = exp(r)\E', the system flB.4p is transformed into 

a,^(^+) = S+^+ (A; = 1,2), ?9(^+) = (i? - M+)^+, (B.5) 

where B'^ [k = 1,2) are defined by = B^dsi + i?^(is2 and 

C2n+2 — Ci C2n+2 ~ C2n+1 



Si 



2n + 2 



S2 



2n + 2 



The system fIB.Sp can be identified with flB.2p under the specialization S2 = 1 
and K = 0. 
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